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DOI: 10.1039/c1sm05598dWe propose a scaling law that explicitly correlates the macroscopic
yield stress of weakly attractive nanoparticle networks with features
of the microscopic aggregates that form the percolating gel. The
proposed law correctly predicts experimental data obtained from
a model colloidal system covering a wide range of particle sizes,
volume fractions and interparticle attractive forces. The agreement
between theory and experiments supports the idea that yielding is
ultimately caused by the rupture of a few interparticle bonds within
the aggregates of the mechanically loaded network.Colloids consisting of weakly attractive nanoparticles are important
in many technological processes and products in areas ranging from
printing, to cosmetics, to pharmaceutics, to food and materials pro-
cessing.1–5Weak attractive interactions between nanoparticles lead to
colloidal networks exhibiting solid-like, elastic behavior if the particle
volume fraction is higher than the percolation threshold. Shearing of
these colloidal systems ruptures the solid-like particle network and
thus drastically changes its rheological response to a fluid-like
behavior. The transition between these very distinct rheological states
is characterized by a finite yield stress (sy), which is defined by the
shear stress needed to fluidize an initially elastic particle network.
Since macroscopic yielding of these networks originates from the
microscopic van der Waals attractive forces between particles, many
theoretical and experimental attempts have been made to correlate
the yield stress of colloidal networks with the magnitude of inter-
particle forces, Fmax (or interparticle potential, UT), the particle
radius, a, and volume fraction, f.6–14 According to most micro-
rheological models, sy scales as follows:6,7,15–18
syf
Famaxf
g
ab
; (1)
where a ¼ 1 and b and g are power exponents ranging from 1.5 to
2.08,10,13,19–22 and from 1.4 to 5.5,10–14,19–26 respectively. g is usually
correlated with the microstructure of the colloidal particle network
through the fractal dimension of its aggregates, df.
Although the above scaling law has successfully described experi-
mental data in specific colloidal systems, little agreement is obtainedaComplex Materials, Department of Materials, ETH Zurich, 8093 Zurich,
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6408 | Soft Matter, 2011, 7, 6408–6412for the values of the power exponents b and g. Moreover, informa-
tion on the actual mechanisms that determine yielding at the particle
level is scarce.
In this communication, we propose and experimentally verify
a simple scaling law that predicts the yield stress of weakly attractive
colloidal gels and suggests that the yielding process is governed by the
rupture of a few interparticle bonds within the aggregates.
We propose that the yield stress of attractive nanoparticle
networks can be described by the simple explicit relation:
syz
f
2=ð3dfÞ
eff Fmax
Pj
i¼1
cos qi
pa2
; (2)
where feff is the effective volume fraction of particles, j is the number
of critical load-bearing interparticle bonds that have to be ruptured
within each aggregate to cause macroscopic yielding and qi is the
angle between the loading and bonding directions for the interparticle
bond i (Fig. 1a). We experimentally find that df ¼ 2.36
and 0:7\
Pj
i¼1
cos qi\2 for the weakly attractive concentrated
networks investigated here.
To theoretically derive this expression we hypothesize that the
network is formed by tightly packed fractal aggregates, each of which
is subjected to the external force Fext, as schematically shown in
Fig. 1a. We assume that macroscopic yielding of the gel is caused by
the rupture of the weakest links within such aggregates. Considering
each aggregate as a representative volume of the entire network
structure, the macroscopic yield stress sy can be described by the
strength of the aggregate, as follows:25,27,28
syz
Fext
px2
; (3)
where Fext is the external shear force applied onto each aggregate and
x is the aggregate radius.
We further hypothesize that the rupture of an aggregate requires
break-up of a critical number j of interparticle bonds (weak links)
within such aggregate.Upon external loading, the applied force Fext is
counteracted by the sum of all critical microscopic interparticle forces
projected along the shear plane (Fig. 1a). Thus, the maximum
external force that has to be applied to initiate yielding is given
by FextzFmax
Pj
i¼1
cos qi.
Due to the fractal nature and self-similarity of these systems,10 the
aggregate radius, x, can be approximated by afint
1/(df3), where fint isThis journal is ª The Royal Society of Chemistry 2011
Fig. 1 (a) Schematic drawing of a gel network submitted to simple shear,
showing an aggregate within the gel and the critical interparticle bond
within such aggregate (assuming j ¼ 1). (b) Tailor-made ligand molecules
adsorbed on the particle surface, leading to a well-defined adlayer
thickness d. Examples of calculated (c) total potential energy UT and (d)
total force F between interacting alumina particles coated with ligand
molecules containing different number of carbons in the alkyl tail, n
(particle size, 2a ¼ 65 nm).
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View Article Onlinethe aggregate internal volume fraction. For a volume fraction of
aggregates in the network of fa, one can obtain fint ¼ feff/fa. If the
aggregates are assumed to form an interpenetrating space-fillingThis journal is ª The Royal Society of Chemistry 2011network, faz 1 and thus feffz fint.
10 Substitution of these relations
into eqn (3) leads to the yield stress expression proposed.
To experimentally assess the predictive nature of eqn (2), we
thoroughly investigate the rheological behavior of a previously
reported colloidal system29 that allows for deliberate control of Fmax,
a and feff. Colloidal networks containing particles with 28, 65 and
116 nm in diameter and volume fractions, f, ranging from 0.05 to
0.35 were studied.
The attractive force Fmax was manipulated by adsorbing well-
defined ligand molecules on the particle surface. Such molecules
exhibit the same anchoring group but alkyl chains of different
lengths (Fig. 1b). By selecting an anchoring group displaying high
affinity to the particle surface and using solvent mixtures that favor
an extended conformation of the alkyl chain towards the liquid
medium, a densely packed steric layer of well-defined thickness (d)
in the range of 0.97–1.90 nm is formed around the particles. Based
on our earlier study,29 toluene was used as the liquid medium of
networks containing molecules with longer hydrocarbon chains
(n $ 8), whereas a mixture of 35 wt% toluene and 65 wt% methyl
ethyl ketone was taken as the liquid phase of networks containing
shorter ligands (n ¼ 3 and 4). The effective volume fraction of
particles, feff, is calculated from the adlayer thickness, d, using the
relation: feff ¼ f[1 + (d/a)]3.29 A detailed experimental description
of this model system and its rheological characterization is provided
in ref. 29.
The maximum attractive force, Fmax, is estimated from the
potential energy between interacting particles, UT. The low dielectric
constant of the solvents used as liquid media prevents the formation
of electrically charged sites on the surface of particles. In the absence
of surface charges, the steric layer provided by the surface ligands
results in a short-range repulsive energy that counterbalances the
attractive van der Waals energy at very short interparticle distances.
The repulsive energy arising from the steric layer is caused by a local
increase in osmotic pressure and by the elastic compression of the
surface adsorbed molecular chains as the particles approach one
another.
We calculate the total potential energy between a pair of inter-
acting particles (UT) by summing the repulsive steric energy and the
attractive van derWaals energy at different interparticle distances (see
ESI†). While the repulsive steric energy dominates at short distances,
the long-range character of the van der Waals attractive energy leads
to a well-defined secondary minimum in the total potential energy
curves, UT, as shown in Fig. 1c.
The force between particles can be obtained from the derivative of
the potential energy UT with respect to the interparticle distance D.
Such derivation leads to the force curves shown in Fig. 1d. The use of
ligands of variable chain lengths enables the formation of attractive
potential wells with depths ranging from 1.7 to 11.0 kT and
maximum attractive forces varying from 0.47 to 24 pN.
The attractive forces between particles result in colloidal networks
exhibiting pronounced yielding behavior. This is evidenced by the
finite stress needed to rupture the initially elastic network and
promote flow of the colloidal system, as indicated in the stress versus
strain rate curves shown in Fig. 2.
To determine the yield stress of these colloidal networks under
various experimental conditions, we use theCasson equation to fit the
rheological data shown in Fig. 2:
s1/2 ¼ s1/2C + (hC _g)1/2, (4)Soft Matter, 2011, 7, 6408–6412 | 6409
Fig. 2 Representative shear stress versus shear rate curves obtained for
colloidal networks containing (a) ligand molecules with different number
of carbons n in the alkyl tail (2a ¼ 65 nm, f ¼ 0.14),29 (b) particles of
different diameters, 2a (n ¼ 4, f¼ 0.20), and (c) different particle volume
fractions, f (2a ¼ 28 nm, n ¼ 12).
Fig. 3 Effect of the (a) maximum attractive force Fmax and (b) particle
diameter 2a on the normalized yield stress sya2 and sy/Fmax, respectively,
for an effective volume fraction of particles, feff, of 0.2.
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View Article Onlinewhere s is the shear stress, _g is the shear rate, sy is the yield stress and
h is the viscosity.
The Casson relation accurately describes the rheological curves
(solid lines in Fig. 2). In a first qualitative analysis, the influence of
Fmax, a and f on sy follows the trends expected from eqn (1). The
yield stress, sy, increases for increasing f and Fmax, and decreases for
larger particle sizes a.6410 | Soft Matter, 2011, 7, 6408–6412Systematic variation of the parameters Fmax, a and feff allows us to
experimentally verify the proposed model (eqn (2)). We first analyze
the effect of the interparticle force on the rheological response of the
network by plotting the particle size-normalized yield stress, sya2, as
a function of Fmax for a fixed effective volume fraction of 0.2 (Fig. 3a)
assuming
Pj
i¼1
cos qi ¼ 1. In a log–log plot, the experimental data can
be nicely fit with a linear equation (R2 ¼ 0.91), whose slope corre-
sponds to the power exponent a (eqn (1)). Remarkably, a value of
1.004 is obtained from the linear fit to the normalized data (Fig. 3a),
experimentally confirming the proposed linear relation between sy
and Fmax (eqn (2)).
Likewise, the power exponent b in eqn (1) is experimentally
determined by plotting the force-normalized yield stress, sy/Fmax, as
a function of the particle radius, a, for a fixed effective volume
fraction of 0.2 assuming
Pj
i¼1
cos qi ¼ 1 (Fig. 3b). In a double loga-
rithm graph, the experimental data can be accurately fit (R2 ¼ 0.94)
with a linear equation with a slope of 2.02, which agrees very well
with the theoretical value of 2 proposed in eqn (2).
Using a ¼ 1 and b ¼ 2, one can normalize the yield stress with
respect to both the particle size and interparticle force to eventually
compare all the experimental data into one single graph displaying
sya2/Fmax as a function of the effective volume fraction of particles,
feff (Fig. 4). Remarkably, the initially scattered raw data obtained forThis journal is ª The Royal Society of Chemistry 2011
Fig. 4 (a) Yield stress (sy) as a function of the effective volume fraction
of particles (feff) obtained for weakly attractive networks containing
particles of different sizes (2a) coated with surface ligands with variable
chain lengths (n). (b) Scaling obtained after normalization of the yield
stress data. The dashed lines are values expected from eqn (2) for df ¼
2.36 and two arbitrary values of l ¼P
j
i¼1
cos qi .
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View Article Onlinea wide range of Fmax, a and feff values (Fig. 4a) collapse into a much
narrower range after the proposed normalization of the yield stress
(Fig. 4b).
The slope of a linear fit to all the experimental data shown in
Fig. 4b is taken as the power exponentg (eqn (1)). Ag value of 3.14 is
obtained, which lies within the typical range of 1.4 to 5.5 observed for
this parameter in previous studies.10–14,19–26
From the g value obtained, we estimate a fractal dimension df ¼
2.36 for the aggregates that form the colloidal network. This fractal
dimension is in good agreement with the range 2.1–2.4 expected for
aggregates in networks containing volume fractions of particles
varying from 0.10 to 0.40.30–32
For a power exponent g of 3.14, we estimate the upper and lower
limits of the term
Pj
i¼1
cos qi in eqn (2) required to describe the range of
normalized yield stress data shown in Fig. 4b. Remarkably, more
than 95%of the experimental data can be described by our theoretical
prediction (eqn (2)) if the term
Pj
i¼1
cos qi is assumed to vary within
a relatively narrow range between 0.7 and 2.0. While further studiesThis journal is ª The Royal Society of Chemistry 2011are required to experimentally quantify j and q, these lower and upper
limits for the factor
Pj
i¼1
cos qi provide insights into the yielding
mechanism of such attractive networks.
For a hypothetically large number of critical bonds, e.g. j ¼ 4, all
the four bonding angles qi have to lie within the narrow range 60–90

in order to satisfy the experimental upper limit of
Pj
i¼1
cos qi ¼ 2. Such
allowable range of bonding angles becomes even narrower for j > 4.
Since the probability of finding aggregates with such narrow distri-
bution of bonding angles within the network is low, it is likely that the
yielding process is governed by the rupture of only a few (i.e. 1–3)
critical interparticle bonds within each aggregate. Thus, our results
suggest that the range of
Pj
i¼1
cos qi values obtained from the experi-
mental data is not accidental but directly reflects the statistical
distribution of j and qi values of the aggregates of the attractive
particle networks. A quantitative analysis of the distribution of
bonding angles and number of critical bonds of aggregates within
attractive networks should be carried out in future studies to fully
validate this finding.
In conclusion, we propose a scaling law that explicitly correlates
the yield stress of weakly attractive networks with the maximum
attractive force between particles, the particle size and the effective
volume fraction of particles. The proposed relation shows good
agreement with our experimental data, if the number of critical
interparticle bonds within the network aggregates are assumed to
vary within a relatively narrow range. Analysis of the upper and
lower limits of this range suggests thatmacroscopic yielding inweakly
attractive networks is ultimately caused by the rupture of a few
interparticle bonds within the aggregates of the load-bearing gel.
Future work should address the applicability of this simple relation to
other colloidal systems, including a more detailed investigation and
statistical description of the actual number of critical bonds j and
bonding angles qi in such attractive particle networks.Acknowledgements
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